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and the Convergence of Certain Series 
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Abstract 


Consider two series 


°° sin” TiOn cos” TrOn 


E 

n=l 




E 

n=l 




We show that number-theoretical properties of 0 have a strong effect on the convergence 
when 0 < a < 1. The complete investigation for 0 G Q is given. For irrational 9 we prove 
the result which depends on how well 6 can be approximated with rational numbers, i.e. on 
its irrationality measure. We obtain that if a > ^ then both series converge absolutely for 
almost all real 9. Finally, we construct such an everywhere dense set of 9 that both series 
diverge when a < 1. 


Introduction 


Various authors considered series which converge or diverge depending on number-theoretical 
properties of their parameters. A century ago G.H. Hardy and J.E. Littlewood |1], inter alia, 
investigated the series 


CXD 


72=1 


sin nOn'^ cos irOn'^ 

72=1 


It follows from their results that these series diverge for all irrational 9 when a < |, and converge 
for all irrational numbers 6 with bounded partial quotients (for example, quadratic irrationals) 
when a > They also constructed examples of irrational 9, for which both series diverge for all 
a < 1. 

G. I. Arkhipov and K. I. Oskolkov [1] considered the series 


E 

72=1 


sin n9n^ 
n 


Their brilliant result states that it converges for all real 6^ if /c is odd. Moreover, they point out 
such values of 9 for which the series diverges for any even k. 

In 2011, E. Laeng and V. Pata [7] presented a convergence-divergence test for series of non¬ 
negative terms which fail to be monotonic. As an application of the test the authors prove the 
convergence of one series involving the linear function of cos n raised to the n-th power, using the 
fact that the irrationality measure of vr is hnite. 

In this paper we combine methods of analysis and number theory to investigate two series 


xA- sin” 7i9n 


72=1 




. E 


cos” 7r9n 


72=1 




^In fact, it follows from estimates of H. Weyl sums, obtained later, and celebrated Roth’s theorem, that both 
series converge for all irrational algebraic 9 when a > ^. 
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Since they converge absolutely for a > 1, from now on we keep in view the case a < 1. It will be 
shown that number-theoretical properties of 6 have a strong effect on the convergence. In case of 
rational 6 we prove the following statements. 

Theorem 1. The series 

cos"" Trdn 
n" ’ 

n=l 

where 0 = ^ with coprime integers p, q, and 0 < a < 1, 

1) diverges to -|-oo if at least one ofp,q is even; 

2) converges conditionally if both p, q are odd. 

Theorem 2. The series 

sin"' nOn 
n" ’ 

n=l 

where 0 = ^ with coprime integers p, q, and 0 < a < 1, 

1) converges absolutely if q is odd; 

2) converges conditionally if q is even and not divisible by 4; 

3) diverges to -foo if q is divisible by 4. 

Next, we proceed to the case of irrational 9. Recall the following dehnition from the theory of 
Diophantine approximations: the irrationality measure (or irrationality exponent) of real number 
9 is the inhmum /i(0) of the set of positive real numbers p for which 

1 

< — 
qv 

holds for (at most) hnitely many solutions p/q with p and q integers. If no such /i exists we set 
/i(6*) = -|-oo and say that 6* is a Liouville number. 

It follows from this dehnition that if 6* is a number with hnite irrationality measure /i, then for 
all 5 > 0 there exists a constant c = c{9, 5) > 0 such that the inequality 


0 < 


9-^- 





c 

g/i+5 


is true for all integers p and q > 1. 

Note that /i(6') = 1 if and only if 9 is rational, and famous Roth’s theorem |2l Chapter VI] states 
that for irrational algebraic numbers it holds fi{9) = 2. For transcendental 9 we have fi{9) > 2. 


Theorem 3. Let 9 be an irrational number with finite irrationality measure p, = p{9). If a > 
1 — both series 


sin" 7i9n cos" 7r6*n 

n=l n=l 


converge absolutely. 


As a corollary we immediately obtain that both series converge absolutely for any irrational 
algebraic number 9 when a > ^. For instance, using the well known result p(e) = 2 and the 
recently obtained estimate /i(l/7r) = p^n) < 7.6063 ... from [8] we see that both series 


V 

n=l 


sin"(7ren) 




cos vren 


n=l 
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converge absolutely for a > and both series 

sin” n 

’ 

n=l 

converge absolutely for a > 0.9243.... 

Moreover, the key result of continued fractions metric theory (see O § 14, Theorem 32]) states 
that ^{9) = 2 holds for almost all real 9. Therefore from Theorem 3 one can deduce the upcoming 
assertion. 



°° n 

COS n 


n=l 




Theorem 4. Let a > ^. Then both series 


°° sin” n9n cos” 7 r 6 *n 


E 

n=l 




E 


71=1 




converge absolutely for almost all real 9. 

Yet, we submit another (and more simple) proof which is independent of Theorem 3 and 
involves methods of real analysis. 

In addition to the investigation of the case of irrational 9, we construct the set of transcendental 
numbers for which both series converge only for a > 1 . 


Theorem 5. There exists such an everywhere dense in M set of irrational 
any ^ E E both series 


sin”7r^n y-v cos”7r^n 

71=1 


E biii 

n=l 




numbers E, that for 


diverge for all a < 1. 


1 Proof of Theorem 1 


1) Decompose the series into the sum of q series each corresponding to values n = a (mod q), 
a = l,2,...,g: 


oo cos”^ 
<? 


E 

71=1 




EE 

a=l 1=0 


COS 


TTp{lq+a) 


Iq+a 


{Iq + a) 


EE 

a=l 1=0 


cos(^ + 7rpl) 


lq-\-a 


{Iq + af 


We start with p even, p = 2pi. Since (p, q) = 1, we obtain that q is odd. Among the numbers 
cos , a = 1, 2,..., g, all but one he in the interval (—1; 1). Indeed, if a = g, then cos = 

cos27rpi = 1; for 1 < a < g we have noninteger, hence cos 7 ^ ±1. Thus in this case the 
series can be written as 


1 °° I cos 

EE 

a=l /=0 


27rapi \ 

J 


Iq+a 


{Iq + af 


q-l 

E 


= 2 ^ cos 

a=l 


a 2'Kapi 


E 

1=0 


cos' 


)L 


{Iq + af 


E 




Since | cos'^ 27r^| ^ g — 1 series in the sum converge absolutely, and the last series 

diverges for 0 < a < 1. Therefore the series under consideration diverges to + 00 . 

Next, let g = 2gi and p is odd. The equality cos(|^ + npl) = ±1 is equivalent to ap = 0 
(mod 2gi) which holds only when a = q = 2gi. Hence the series can also be represented as 

~ (cos(U + 7rp/)j 
hh. ( 2 /gi + a)“ “ 
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2,1-1 (cos^,. fa;ycos‘‘(^ + 7rp/) 


EE 


2qi 


{2lqi + a) 


E 


g“(/ + !)“■ 


a=l 1=0 ' /=0 

In the same way as in the previous case we observe that the series diverges to +cxd. 

2) Let both p, q be odd. Decompose the series into the sum of 2q series each corresponding to 
values n = a (mod 2q), a = 1,2,... ,2q: 


E 

n=l 


n 7^ 2g oo cOS 

" =EE 


iTp(2lq+a) 


2lq+a 




a=l 1=0 


(2lq + a) 


2q oo ("cOS^) 

(2/g + a) 

a=l 1=0 V ' / 


2lq+a 


The equality cos ^ = 1 is equivalent to ap = 0 (mod 2q) which holds only when a = 2q, 
because p and 2q are coprime. Next, cos ^ = —1 means that ap = q (mod 2q), which has a 
unique solution a = Oq, 1 < Oq < 2g — 1. Note that Oq is odd. Hence | cos < 1 whenever a ^ Qq 
and a ^ 2q. Rewriting the series as 


2g ("cos^) 

EE^ 


\ 2lq-\-a 


a=l 1=0 


{2lq + a) 


2g—1 oo 

cos“ ^ 


cos 


2q Trap ^ ^ 
1 ) 


a=l 

a^aq 


1=0 


{2lq T a^ 


E 


” ttV(29( + 29)“ (2(ji + Oo)i 


we conclude that 2q — 2 series in the hrst sum converge absolutely. Now 


(2ql + 2q^°‘ (2ql + 00 )°^ i!2qt) 

1 a „ - aao 


1 + 


- 1 + 


ao 




1 + 


(2g/)“V^ ^'2ql^^\lJJ {2qY 

for / —)■ cxD. Since a + 1 > 1, the series converges. It remains to be seen that the series of absolute 
values 


“(g-i) 1 


( 0+1 


2 , » cos 222 

EE' ’ 


2lq+a 


a=l 1=0 


2q—l 00 

E“»“?E 


cos 


2q nap \ ^ 
1 ) 


a=l 

a^ao 


1=0 


(2lq T a^ 


{2lq + a) 


+ E 


+ 


“ ' V(2g/ + 2g)“ {2ql + aoY 


evidently diverges, thus the series under consideration converges conditionally. 


2 Proof of Theorem 2 


By analogy with the previous proof, decompose the series into the sum of 2q series: 

\ 2lq-\-a 


oo : n TT^ 2g oo gJn 

E _ _^ 

.Z—/ Z—/ 


n=l 


’ ’ - = EE^ 


a=l 1=0 


{2lq T a 


a=i 1=0 


(2lq + a) 
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1) If q is odd, then the equality ^ = | + tt/c means that 2ap = q + 2kq, which is impossible 
for any integer k. Hence in this case | sin < 1 for all a = 1, 2,, 2q, thus all the series in the 
right-hand side converge absolutely, and so does the series under study. 

2) Let q = 2qi, where qi is odd. Then the equality = f + holds if and only if ap = qi 

(mod 4gi). Since (p, 4gi) = 1 , the congruence has a unique solution a = Oq (mod 4gi) where 
1 < Oo < 4gi = 2q. In a similar way, is equivalent to ap = —qi (mod 4gi), which 

is true only for a = 2g —oq. Note that Oq is odd. Then for a 7 ^ Oq, a 7 ^ 2g —oq it holds | sin < 1, 
so we can rewrite the series as 


2q 00 

E E 

a=l 1=0 
a^ao 
a^2q—ao 



2lq-\-a 


{2lq + aY 


00 


+E 

1=0 


( -i- 

y (2/g -|- ao)“ 


( 2 /g + 2q- aoY 


and see that 2q — 2 series in the hrst sum converge absolutely. The last series is also convergent 
as far as 


1 


{2ql + oo)" {2ql + 2q - Oo)" ( 2 ^/)*^ 


1 ^ 
2ql 


- 1 + 


2q - gp 
2ql 


{2qiy 


1 -^ + 0 

2ql 


1 \ _ a{2q-ao) 

I 2ql 


+o(i 


a(l - 1 

^ when / ^ 00 . 


{2qy 


la+l 


It converges conditionally, since the series of absolute values 

TTjm In 


E 

n=l 


sm 




2q 

E E 


sm 


Trap 


2lq+a 


a=l 

ay^ao 

a^2q—ao 


(2(9 +a)' 


E 

/=o 


+ 


(2lq -\- Oq)'^ ( 2 /q' -\- 2q — 00 )*^ 


diverges. 

3) After all, let q = 4gi. Then the equality = | -|- tt/c is equivalent to ap = 2qi (mod 4gi). 
Since (p, iqi) = 1, the congruence has a unique solution a = ag (mod 4gi) where 1 < Oq < 4gi = q 
and Oo is even. Thus the series under study can be rewritten as 


2q 00 

E E 

a=l 1=0 

a^ao 

a^q+ao 


sm 


Trap 


9 / 


2lqy-a 


{2lq + a) 


E 

/=o 


+ 


(2lq -\- ao)'^ ( 2 /q' q aoY 


and therefore diverges to -|-cx). This completes the proof. 


3 Proof of Theorem 3 

We assume that 9 > 0 and prove that the series 

cos(7rn6')|’^ 
n" 

n=l 
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converges for a > 1 — 2 ^^- The sin-series can be considered in the same way. Since this is the 
series of absolute values, by the well-known fact its convergence is independent of the permutation 
of its terms. Thus the series can be represented as 


cos 7rnt 




s=0 nSN 

1-^<I cos(7rn0)|<l-^^ 


where 


cos Trnc 


nSN 

1—£<| cos(7rn6)|<l—e/2 

We need an upper estimate for S^, where e is fixed and small enough (greater values of e have 
an effect on at most hnitely many terms of the series )• purpose we prove the 

following statement. 

Lemma 3.1. Let 9 be a positive irrational number with finite irrationality measure p = pifi), 
V = 0 < e < min(l; 1 — cos^), and let be the increasing sequence of positive 

integers for which 

1 — e < I cos(7rn6')| < 1 — e/2. 

Then for all S G (0; u) there exists such a number A = A{9, 5) > 0 (independent of e) that for all 
positive integers k the following inequality holds: 

Uk > Ake~‘'^^. 

Proof. Let m = Uk and n = Uk+i be two neighbor terms of Since | cos(7m0)| > 1 — e and 

I cos(7rm6*)| > 1 — e, we obtain 

— arccos(l — e) + Tiln < 'n'nd < arccos(l — e) + nln, 


arccos(l — e) + Trim < < arccos(l — e) + Tifi 


for some Infim G hf, so 


Then 


1 1 

\n9 — /n| < — arccos(l — e), \m9 — /ml < — arccos(l — e). 

71 71 


{n — m)6 — /| < \n6 — Ifi + \m6 — /m| < — arccos(l — e), 

71 


where I = — Im ^ Note that if e < min(l; 1 — cos then /„ = can hold only when 

(n — m)6 < arccos(l — e) < = 9, i.e. n — m < 1, a contradiction. Hence, I = In — Im > 

Dividing by /0 > 0 we get an estimate 

n - m 1 2 Ay/e 

— --0 


Here we also used the inequality arccos(l — e) < 2y/e which holds when 0 < e < 1. Indeed, for 
the function f{x) = arccos(l — x) — 2yfx we have /'(x) = ^ ^ ~ ^ ^ ^ when x E (0; 1), so 

f{x) is decreasing in this interval, thus f{x) < /(O) = 0. 

Alternately, | has a hnite irrationality measure /i, thus for all > 0 the inequality 

n — m 1 c 
I 9 ^ 


6 



is true for all integers / > 1, where c 

c 

-jJIW ^ 


c{6,6'). Hence we have 

1 


4y^ / TlOc \ M-i+V 

InO ’ V4\/^/ 


Therefore, 


l-l 

Uk+i -nk = n-m> —— 


I , 1 

> - > Ae 2M-2+25' 

- 20 






where h' = 2 A^-s) ^ ^ ^ ^ ^ (^) is independent of £. 

Finally, we note that an analogous argument leads to the same estimate for rii. Thus the 
statement of lemma follows by induction. □ 


Next, we apply Lemma [3.II to handle Se- Since Uk > Ake ^ we have 


5.= 




nSN 

1—£<| cos(7rn6)|<1—e/2 


COS Trnc 




E 

k=l 


cos(7mfc0)|"''' 






oo /I e\nk °° (^ e\Ake~‘'+^ 1 e\Ae~^+^\^ 

^ n? ~ ^ (Ake-'^+^)°‘ k^ 

k=l « k=l ^ ’ k=l 

For a = 1 and a < 1 we suggest different approaches. 

Let a = 1. Since 

CXD ^ 

^y = -ln(l-z), |2;| < 1, 

k=l 

we set 2 ; = (1 — and obtain 


^e« 


Ae-''+^ 


In (1 — (1 


£\Ae-‘"+'’ 

2 I 


Ae-^+^ 


In ( 1 


^yle-^+HnCl-Df _ 


1 

Ae-^+s 


In 




4£-+-5+l(l + o(l))j 

(1 — 1 / + 5) In £ 
Ae-''+^ 


when e —)■ +0. 


Hence the series 

(1 — 1 / + 5)s In 2 

A{2''-^Y 

is convergent because 2^“*^ = > 1 for sufficiently small h > 0. 

Now let a < 1. We formulate a special case of an asymptotic formula from [31 §4, paragraph 
3] as a lemma. 


n=l 


COS Trnc 


n 


e=0 


«5: 

s=0 


Lemma 3.2. For a < 1 it holds 


00 


E 



k°‘ 


~ F(1 — a) 



1 


0—1 


when 2 ; —)■ 1 — 0. 
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and for a < 1 we have 


Again pnt z = {1 — 1)^*^ 




j^ag{—u+5)a 


r(l-a) (-A£-"+Mn(l - D) 


. OL — 1 


!^+(5)(a—1) —(—!^+(5 )q: r(l tt) 


2“-M 


2“-iA 


when e: —)■ +0. 


Thns the series 


E 


cos^Trnt 

n" 




n=l ■" s=l s=l ^ ^ 

converges if 2“+^“*^“^ > 1, i.e. iia>l — v + 5 = l — ^ snfficiently small 5 > 0. Proof of 

Theorem 3 is completed. 


4 Analytic proof of Theorem 4 

For the reason of periodicity it is enongh to prove the convergence for almost all real 6 from [0; 1] 
when a > |. We consider the sin-series; one can easily handle the cos-series in a similar way. Since 

1 7rn 7r/2 

/|sin(7m0)|” 1 /■, . |n.j 2n /■ . „ 24 

/ - dO = -— / smx dx = -— / sm xdx = -, 




irn' 


a+l 


Tin' 


a+l 




0 


0 


0 


where 


7r/2 

0 


n 


it holds 


1 


sm Trnc 




d9 


a+i ’ 
n 2 


hence the series with integral terms 


E 

n=l ' 


sm Trnc 




dd 


converges for a + \ > 1, i.e. for a > i. By the corollary of B. Levi’s monotone convergence theorem 
|ni sec. 30.1] it follows that the series 


E 

n=l 


sm Trnc 




converges for a > ^ almost everywhere on [0; 1] and therefore on 


5 Divergence of the series on an everywhere dense set 

In this section we reveal that every interval contains irrational nnmbers 6 with inhnite irrationality 
measnre for which both series diverge for all a < 1. This shows that the resnlt analogons to 
Theorem |3] doesn’t hold for snch nnmbers. First, we need the following lemma on the rate of 
divergence of the series nnder consideration for some rational 6. 

















Lemma 5.1. Let 0 = ^ with coprime numbers p,q, where q is divisible by 4. Then there exists 
such a positive integer Ag that the following estimates hold uniformely for all positive integers L 
and a < I; 


g 


E 

n=l 




> - In L — Ag, 

q 


cOS'^ ^ 
g 


E 

71=1 




> - In L — Ag, 

q 


Proof. In the proof of Theorem [2] we established the following representation of the sin-series 
partial sum: 


fA sin” ^ 2g L (sin ^ 


E 

71=1 


rr 


E E 

a=l 1=0 
a^ao 
aj^q+ao 


2lq+a 


{2lq a) 


E 

1=0 


+ 


(2lq iAlq -\- q -\- OqY 


Since for a 7 ^ oq, a A q + 0.0 all the series 


E 

1=0 


sm 


Trap 


2lq+a 


{2lq a)^ 


\ 2lq-\-ci 

1 

2/g+a 

Trap \ 

2g 00 sinlSP 


9 ) 

< V V' " 



i2lq -|- a)'- 


a=i 1=0 
a^ao 
a:^q+ao 


< A„. 
(2/g + a)“ - 


converge absolutely for all a, there exists such an integer Ag depending only on q that 


E E 

a=l 1=0 
a^aq 
a^q+ao 


Now it can be easily seen that 

Ef—^ 

^ I (2la 
1=0 


+ 


{2lq -\- af)'^ {2dq -\- q -\- 


> 


E 

1=0 


1 1 
+ 


2lq + 2q 2lq + q + q 


1 lAl 1 ^ 

- > 1 -> - > T > - In L. 

+ i q^i q 


Thus 


2<?i gjj^n ^ 


E 

71=1 




> - In L — Ag. 

q 


The analogous inequality for the cos-series can be proved in the same way using proof of 
Theorem [H □ 

Proof of Theorem 5. Our goal is to show that every interval {xi,X 2 ) C M contains such an irra¬ 
tional number ^ that both series 

sin” cos” Tifn 


E bin /1Vi \ 

r^a ’ 


71=1 


71=1 




diverge for all a < 1. This construction uses the idea similar to the one implemented in |1]. We 
start with choosing an integer u and positive integers 61 < 62 < • ■ • < for which both 

numbers 

^ ^ 1 2 
^0 = “ + ^ and ^0 + 


1=1 


2^1 


9 




























fall in the interval {xi]X 2 )'i evidently, these numbers exist. Let 

1 


6 = ^0 + 


2^1 ’ 


then since where p is odd and q = 2'^^ is divisible by 4, both series 

sin'^ 'K^xTi cos” 'wii'n 


E blli 

’ A—/ 




n=l n=l 

diverge to +cx3 by virtue of Theorems 1 and 2. We recurrently define z/ 2 , r's,... so that 

Z/fc+i = 2”'=+2(yl 2‘'fc + + 4) + 2i'k + 3, 
where A 2 ’'k is provided by Lemma 15.11 and set 

fc ^ oo ^ 

6 = + and ^ = + 

i=l i=l 

therefore ^ G {xi;x 2 ), which satisfies our needs. 

Now we are ready to show that for every positive integer k there exists such a number Nk that 


N, 


sin” TT^n 


n=l 




> k and 


Nk 

E 

n=l 


cos” 7i^n 




> /c, 


which means the desired divergence. We have 


• n /- 

sm TT^n 

> 

• n /- 

sm TT^j^n 

sin” — sin” vr^n 

71=1 

71=1 

Z^ 

71=1 


> 


> 


Nk . ri (- 

y-v sm 7r4fcU 


n=l 




Nk 


-E 

n=l 


sin” Ti^kn — sin” 7i^n\ 




Applying Lemma l5T] with g = 2”'=, L = 22'?(^9+^+4)^ and N = = 2qL yields an estimate 


• n ^ 

y-v sm 


n=l 


rr 


> TT L- Aq = k +4: 
2q 


and the same one for the cos-series. Next, by the mean value theorem 


Nk 

E 

n=l 

Since by construction 


sin” TT^fcn — sin”7r^n| 7rn|^fc — 


Nk 




<E 

n=l 






n=l 


1^ - < 


2'^fe+i ’ 


in line with the choice of Uk+i we have 


_ c,\ < to ■ 2'^'= • _ 

k\^ ^k\ — ) 22‘'fc+2(A2i^j,+fc+4)+2i/j,+3 


= 1 . 


Thus 


Nk 

E 

n=l 


sin” 71 




>k + 4: — 7r>k, 


which is the required result. The same lower bound for the partial sum of the cos-series can be 
easily obtained quite the same way. □ 

In conclusion we note that the set E from Theorem [5] consists solely of Liouville numbers. 
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